The Press{Schechter approach is used to provide an approximate description of the counts in cells distribution in the non-linear regime. Simple, illustrative models for the spatial distribution and internal structure of Press{Schechter clumps are assumed. Then, these distributions of nonlinear Press{Schechter clumps are smoothed with a large-scale lter. The resulting evolved, smoothed distributions of counts in (large) cells are compared with the predictions of linear and quasi-linear theory. The agreement between these Press{Schechter models and the quasi-linear analyses increases as the initial power on large scales decreases.
INTRODUCTION
Descriptions of the growth of gravitational clustering in an expanding Universe must account for two e ects. The rst is the actual growth and evolution of correlated structure in a gravitating system. The second is the e ect of the smoothing process with which the structure is viewed. When the clustering has evolved signi cantly away from the initial conditions, it is said to be non-linear. The operations of non-linear evolution and smoothing need not commute (e.g. Nityananda & Padmanabhan 1994; Bernardeau & Kofman 1995) . A complete description of the growth of clustering must be able to describe the non-linear evolution, and then the e ects of smoothing the non-linearly evolved structure, in that order.
When the gravitational evolution is not highly evolved, it is possible to provide such a complete description of the evolved system, after it has been smoothed on some given large scale. These linear and quasi-linear analyses attempt to solve the equations of motion directly, in the limit of small changes from the initial conditions (e.g. Peebles 1980; Fry 1984; Bernardeau 1992) . The e ect of smoothing on these analyses has only recently been calculated; it can be signicant (e.g. Bernardeau 1994 and references therein). Once the clustering has grown signi cantly non-linear, the accuracy of these quasi-linear analyses is no longer guaranteed.
The evolution of clustering in the non-linear regime, when changes from the initial conditions are substantial, is more di cult to describe. Essentially, three approaches to this problem have been explored. Davis & Peebles (1977) used the BBGKY hierarchy to try to obtain an exact description of non-linear clustering. This route is di cult, and clear, analytic results appear to be intractable at present (e.g. Hamilton 1988 and references therein). Another approach, introduced by Saslaw & Hamilton (1984) , and extended subsequently by Saslaw and collaborators (see Saslaw & Fang 1996 and references therein), has been to assume that the clustering evolves through a sequence of quasiequilibrium states. This assumption allows them to use statistical thermodynamics to describe the growth of clustering, particularly in the highly non-linear regime. While this quasi-equilibrium approach appears to provide a good description of the growth of clustering from an initially Poisson distribution, it is not so accurate when the initial conditions are signi cantly di erent from Poisson (Suto, Itoh & Inagaki 1990; Bouchet & Hernquist 1992; Sheth 1995a) .
A third approach was rst discussed by Press & Schechter (1974) . They used the simplifying assumption that, on average, gravitating structures will collapse spherically. Numerical simulations (e.g. Lemson 1995) show that, for most clumps, spherical collapse is a good approximation.] This allowed them to compute the distribution of non-linear, virialized clump masses, given some initially Gaussian density eld, as a function of time. While their original derivation of the mass multiplicity function was controversial, it has since been re ned and improved by a number of au-thors (Epstein 1983; Bond et al. 1991; Jedamzik 1995; Sheth 1995b) . The Press{Schechter distribution of clump masses appears to be in good agreement with that measured in Nbody simulations of clustering from arbitrary Gaussian initial conditions (Efstathiou et al. 1988; Lacey & Cole 1994) .
Whereas the Press{Schechter approach provides information about the distribution of virialized clump masses, it does not provide information about the internal structure of these clumps, nor does it describe how these clumps are distributed relative to each other in space. The clumps may be correlated with each other, or distributed uniformly at random. Thus, at this point, one cannot compute the Npoint correlation functions of the clustered distribution, nor can one construct the non-linear counts in cells distribution function. In this respect, the Press{Schechter description does not provide a complete description of non-linear clustering. In this paper, we will provide simple, illustrative models for the internal structure and the spatial distribution of Press{Schechter clumps. Then we will smooth the non-linear, Press{Schechter distribution with a large-scale lter. Finally, the resulting evolved, smoothed distribution of counts in (large) cells will be compared with the linear and quasi-linear results, and with measurements of N-body simulations.
It is important to note that the Press{Schechter distribution of clump masses provides a good, but by no means perfect, t to the virialized clump size distribution measured in N-body simulations. Therefore, throughout this paper, the Press{Schechter formalism will be used merely to compute analytic estimates of the exact results. In principle, the distribution of clump sizes that one measures in the simulations could be used directly. Then all the calculations would have to be performed numerically, using this exact, but nonanalytic, distribution of clump sizes.
The paper is organized as follows. Section 2 treats the initially Poisson case. It provides an analytic expression for the counts in cells distribution in the idealized case in which Press{Schechter clumps have collapsed completely to points and have a Poisson spatial distribution. Section 3 considers clustering in density elds that were initially scale-free and Gaussian. It computes the higher order moments of the counts in cells distribution for two cases: assuming that Press{Schechter clumps have a Poisson spatial distribution (Section 3.2), and assuming that clumps are correlated with each other (Section 3.3) as suggested by linear theory. Section 4 discusses these results in the context of quasi-linear theory. It also shows that the non-linear values of skewness and higher order moments in this Press{Schechter model are in good agreement with those measured, in the non-linear regime, in N-body simulations. Section 5 presents the conclusions.
PRESS{SCHECHTER AND AN INITIALLY POISSON DISTRIBUTION
The initially Poisson case has been described in more detail than other, more general cases, so we will consider it rst.
Clustering from an initially Poisson distribution should be similar to that from a Gaussian eld in which the initial power spectrum is scale-free with slope n = 0 (e.g. Peebles 1980 ). Thus, this initially Poisson case can provide considerable insight into the more general problem of describing the growth of clustering from Gaussian random density elds with arbitrary initial power spectra. The Press{Schechter description of clustering from an initially Poisson distribution of identical particles has been calculated (Epstein 1983; Sheth 1995b Sheth , 1996c . The probability, (N), that a clump has exactly N particles is (N) = (Nb) N?1 e ?Nb N! ;
which is known as a Borel distribution. In equation (1), b = = col is the ratio of the average background density to the (linear theory) collapse density. Usually, Press{Schechter clumps are assumed to virialize when their density is 200 times the background density. This means that the linear density contrast of Press{Schechter clumps decreases as the universe expands, so that col= decreases with time, which means that b increases as the universe expands. This time dependence of b can be calculated directly from linear theory (Zhan 1989) . The Borel distribution, and the time dependence of b, describes the initially Poisson N-body simulations extremely well (Sheth 1995b ).
The Press{Schechter approach provides information about the distribution of clump masses. However, it does not provide information about how these clumps are distributed relative to each other; they may be correlated with each other, or distributed uniformly at random. Thus, at this point, we cannot compute the N-point correlation functions of the clustered distribution, nor can we construct the counts in cells distribution function. However, for the special case of clustering from an initially Poisson distribution, the Press{Schechter approach can be extended to yield a scaling solution which strongly suggests that, at any given epoch, the Poisson Press{Schechter Borel clumps that form at that epoch have a Poisson spatial distribution. With the Borel distribution of clump sizes, and with the knowledge that the clumps have a Poisson spatial distribution, it is possible to calculate the probability, f(N;V ), that a randomly placed cell of size V contains exactly N particles (Sheth 1995b (Sheth , 1996c . Some authors refer to f(N;V ) as the onepoint probability distribution function (PDF) smoothed on (2) where N = nV is the average number of points in a cell of volume V . Equation (2) is also the solution to the Saslaw & Hamilton (1984) thermodynamic model of non-linear gravitational clustering (Sheth 1995a) .
In this (point-sized clumps) limit, the value of b depends on epoch, but not on scale. In the more realistic case, in which clumps have a range of sizes and shapes, f(N;V ) is still well approximated by equation (2) (2) is simply a consequence of the fact that Press{Schechter clumps most probably have some non-trivial distribution of sizes and shapes (Sheth & Saslaw 1994) . Now, the point cluster approximation, though certainly not accurate, may be thought of as a useful limiting case. Whatever the e ciency of gravitational clustering, it cannot cause clumps to collapse and become smaller than point-sized. So, provided the Press{Schechter approach is at least somewhat applicable, it seems worthwhile studying the point cluster approximation further, since it provides insight into the nature of this limiting case. The following example illustrates this point.
In the limit of vanishingly small cell sizes, equation (2) has a very suggestive interpretation (e.g. Lemson 1995) . In this limit, most cells are empty. The probability that a cell is not empty is Although equation (4) applies only for the Poisson Press{Schechter case, it is easy to generalize this argument. In the limiting case in which all Press{Schechter clumps are assumed to be point-sized, the one-point PDF, when the smoothing length is zero, is intimately related to the Press{ Schechter multiplicity function. The remainder of this paper is devoted to exploring the consequences of this observation. For example, this observation suggests that, in this limit, it may be possible to calculate the skewness and higher order moments of the one-point PDF directly from the Press{ Schechter multiplicity function.
INITIALLY GAUSSIAN RANDOM FIELDS
For an initially Gaussian random eld, the Press{Schechter approach provides an accurate estimate of the distribution of virialized clump sizes as a function of epoch. For clustering from initially scale-free, Gaussian density elds, the Press{ Schechter multiplicity function is Press & Schechter 1974; Bond et al. 1991) , where is the average density of the Universe, and M is related to the average mass in a randomly placed cell of size V , chosen so that the variance on the scale corresponding to V is 1:68 2 =2. In practice, M can be thought of as the characteristic mass of a clump, and it increases with epoch (e.g. Efstathiou et al. 1988) . At any given epoch, speci ed by M , equation (5) describes the number density of virialized clumps that have mass in the range dM about M. As n decreases, the initial power on large scales increases, and the distribution of clump sizes becomes broader; smaller values of n result in a greater range of virialized clump masses. Equation (5) with n = 0 can be related to the Borel distribution (equation 1) in the limits N 1 and b ! 1 (Epstein 1983) . This is a consequence of the similarity between the Poisson and n = 0
Gaussian distributions that was referred to at the start of Section 2. These Press{Schechter multiplicity functions have been compared with relevant N-body simulations of gravitational clustering from cold initial conditions. The simulations attempt to model the evolution of the continuous density eld by using a discrete distribution of particles. Equation (5) describes the distributions of virialized clump masses that are measured in the initially scale-free Gaussian simulations well, though the discreteness of the simulations a ects the small-mass tail strongly (Efstathiou et al. 1988; Lacey & Cole 1994 ).
The e ects of discreteness
We will be interested in comparing our results with measurements of the skewness, the kurtosis, and the entire f(N; V ) distributions that are measured in N-body simulations. Therefore, it seems reasonable, from the outset, to provide a model for computing a discrete particle distribution from a continuous density eld. We will do this for two reasons. The rst is that, as noted above, the N-body simulations are inherently discrete. The second is that it will turn out that much of the computational complexity is greatly simpli ed in the discrete, rather than the continuous, case. This is mainly because the probability that a Press{ Schechter clump has mass M (equation 5) diverges in the limit of small M. By converting the continuous mass distribution into a discrete number distribution, this divergence is avoided. (See the Appendix for details.) There is a simple way of accounting for the e ects of the discreteness in these simulations that is surprisingly accurate. The usual way of converting a continuous density eld into a discrete distribution of otherwise identical particles is to use the Poisson process discussed by Layzer (1956) and later by Peebles (1980) . The main virtue of the Poisson sampling process is that the correlation functions of the continuous density eld and the discrete distribution derived from it are the same. Indeed, this notion of Poisson sampling is the main reason why one can measure correlation functions in a discrete N-body simulation, and expect them to represent accurately the correlations of the underlying density eld that is being simulated.
Following the Poisson example discussed above, we will assume that the Press{Schechter clumps have collapsed completely to points. (Recall that this di ers from the usual assumption that all Press{Schechter clumps virialize at the same overdensity, 200 times the background density. So, strictly speaking, there is a relation between the mass of a clump and its radius which we are ignoring. Neverthe-less, the assumption that all clumps have the same radius, and that that radius is vanishingly small, can be used to provide some insight into the e ects of discreteness. Since lower values of the intial spectral index n result in a wider range of clump sizes, we expect this approximation to become increasingly worse as n decreases.) With this assumption (of point-sized clumps), the Poisson sampling method, which converts the continuous distribution of Press{Schechter clump masses into a discrete distribution for the number of particles in a Press{Schechter clump, is straightforward to implement.
Recall that equation (5) is the number density of virialized clumps with mass in the range dM about M. This is the same as the product of the probability that a virialized clump has mass in the range dM about M with the number density of all virialized clumps. However, the total number density of all clumps is simply the average density divided by the average clump mass. For the initially Gaussian, scalefree simulations, this means that, to a good approximation, the Poisson-sampled discrete Press{Schechter functions are given by (N)
where (N) is the probability that a Press{Schechter clump has N associated particles, and the denominator on the left is the average clump size. When nPS(M) with n = 0 is used, then this integral is analytic: 
For other values of n, equation (6) must be integrated numerically. Equation (6) describes the distributions that are the Gaussian equivalents to the Borel distributions that obtain for an initially Poisson distribution. These discrete distributions are in good agreement with those measured in the Nbody simulations, even in the low-mass tail ( g. 3 in Sheth 1996b).
Poisson cluster models
At this point, we have expressions for the probability that a point-sized Press{Schechter clump has N particles; equation (6) gives this probability for elds that were initially Gaussian and scale-free, and equation (1) represents the initially Poisson case. Although we know the probability that a clump has a given number of particles, we do not know how these clumps are distributed relative to each other.
To construct the counts in cells distribution function, we need a model for the way in which these point-sized Press{ Schechter clumps are distributed in space. As a rst approximation, we will assume that the clumps are not correlated with each other. Insofar as an n = 0 Gaussian eld is similar to a Poisson distribution, the Poisson Press{Schechter example of Section 2 suggests that this will be a good approximation at least for the n = 0 case. The next subsection will allow for correlations between clumps.
If 
The case when n = 0 is especially interesting since this is the case for which the assumption that the clumps are uncorrelated with each other is most likely to be correct. This has been done by Saslaw & Sheth (1993) . As b ! 1 in equation (2), then SN ! (2N?3)!!, which is the n = 0 result obtained here. Although equation (2) is not well de ned in the limit as b ! 1, Fry (1985) 
can be derived directly from it by setting N= N ! x, N f(N;V ) ! f(x), and (1 ? b) ?2 ! 1 + N 2, and then taking the limit as N ! 1.
Equation (18) is a special case of a more general distribution that has been studied in the statistical literature, the Inverse Gaussian distribution (e.g. Tweedie 1957; Folks & Chhikara 1978) . It is closely related to studies of Brownian motion and random walks associated with Gaussian random elds. Since the Press{Schechter mass functions can be derived within the context of random walks on Gaussian random elds (e.g. Bond et al. 1991) , the fact that the Inverse Gaussian distribution arises here should not come as a surprise.
In the rst paragraph of Section 3 we noted that the discrete Borel distribution for the number of particles in a The skewness, S3, of this distribution of point-sized Press{Schechter clumps is S3 = 3; it is about a factor of two larger than the quasi-linear value of 34=7 ? 3 = 1:86 that obtains for clustering from an initially scale free n = 0 Gaussian eld (e.g. Bernardeau 1994) . The values of S3 for the n = 1 and n = ?1 cases are 2.16 and 15 =8 = 5:89, so they, too, are within a factor of three or so of the quasilinear values (34=7?4, and 34=7?2, respectively). Of course, for these cases the assumption that the clumps have a Poisson distribution is almost certainly wrong. Nevertheless, it is interesting that this approximate description of non-linear evolution suggests that the value of S3 does not become much greater than the quasi-linear value. The next subsection provides one way to estimate the e ect on the skewness, and on the higher order moments, of allowing the (pointsized) Press{Schechter clumps to be correlated.
Extension to correlated clumps
This subsection provides a description of the counts in cells distribution for the idealized case in which Press{Schechter clumps have collapsed to points, and the spatial distribution of the clumps is di erent from Poisson. We will use the following simple model to provide this description. Recall that, to obtain the generating function of a compound Pois- 
This form for the generating function depends on the assumption that the probability that a clump which is within a randomly placed cell of size V has exactly N particles is given by the (N) Press{Schechter distribution, and is independent of the number of other clumps in that cell. 
The skewness depends on the two-and three-clump correlation functions, and also on the moments of the clump size distribution. Moreover, the skewness is manifestly scaledependent. In the limit of large cells and large N, S3 ! S cl 3 as one might expect. As the cell size becomes very large one expects (from linear theory) that cl 3 ! 0, and, similarly, SN ! 0 for all N 3. Thus, in the limit of very large cell sizes, the distribution appears Gaussian. In the opposite limit of vanishingly small cells (the one-point PDF with no smoothing), the nal term in each bracketed expression dominates, so that S3 ! ; (21) which is identical to equation (17). This is consistent with the fact that, in the limit of no smoothing (and of pointsized clumps), the values of SN are due only to the Press{ Schechter distribution of clump sizes, and not to the spatial correlations between clumps. Equation (21) shows that, even after allowing for correlations between clumps, the estimates of the skewness in the (small cell size) non-linear regime, which one obtains by using the point cluster model, are the same as those derived in the previous subsection. In particular, this shows that the non-linear value of the skewness is within a factor of three of the quasi-linear value, at least for ?1 n 1.
Having considered the highly non-linear regime, we will now use this model of correlated point-sized clumps to obtain an estimate of the skewness in the quasi-linear regime. Estimates in this quasi-linear regime are considerably less robust than the non-linear limits derived above, because our model for the correlations between clumps (equation 19) is somewhat ad hoc; whereas they are negligible in the nonlinear regime, these correlations are important in the quasilinear regime (see discussion following equation 20).
Linear theory suggests that the clumps have an approximately Gaussian distribution, with a power spectrum that is similar in shape to the initial power spectrum (e.g. Peebles 1980 ). Thus, we can set cl 3 = 0 in equation (20). Furthermore, note that M is de ned so that M N when the variance is about 1:68 2 =2 = 1:41 (Efstathiou et al. 1988 ).
This value for the variance is slightly larger than that for which the quasi-linear theory applies. So, if we calculate the skewness when M = N, then this corresponds to the skewness on scales that are slightly smaller than the quasilinear scales. If we assume that M is large compared with unity, then 2 + (1= N) 2 = 1:41. Now, taking the second derivative of both expressions in equation (19) As n decreases, the discrepancy between the models studied here and the quasi-linear results is most easily understood as follows. The models considered here assume that the Press{Schechter clumps all have the same (point) size. In actual fact, however, more massive Press{Schechter clumps are expected to have larger radii. Now, the variance of the Press{Schechter clump mass distribution increases as n decreases. Thus, Press{Schechter clumps have a larger range of radii in the n = ?1 case than in the n = 1 case. This means that the assumption that Press{Schechter clumps all have the same size becomes less accurate as n decreases. So, it is not surprising that the non-linear model with n = 1 initially is able to reproduce the quasi-linear result, whereas the n = ?1 model is not. Moreover, the treatment of the correlations between clumps in this model (equation 19) is somewhat ad hoc. Since correlations between clumps increase as n decreases, some of the di erence between the model estimates and the quasi-linear values may also arise because the clump{clump correlation model (equation 19) is inadequate. Thus, estimating the skewness in the quasi-linear regime is complicated because, as n decreases, the skewness becomes increasingly dependent on the shapes, sizes, and spatial distribution of Press{Schechter clumps, and these quantities are uncertain.
Despite these di culties in using this point-sized Press{ Schechter clump model to estimate the skewness in the quasi-linear regime, it is worth reiterating that the nonlinear values of the skewness computed above (in the limit of vanishing cell size) are approximately independent of the correlations between clumps. In particular, these values of the skewness in the highly non-linear regime are within a factor of three of the values obtained by Bernardeau (1994) for the quasi-linear regime, at least for ?1 n 1. Thus, the models of spatially correlated Press{Schechter clumps considered in this subsection, like the Poisson cluster models considered in the previous subsection, strongly suggest that, for most power spectra of current interest, the quasi-linear value of the skewness should provide a good approximation to the actual value of the skewness, even on those smaller scales on which the quasi-linear approximation, itself, is no longer accurate.
DISCUSSION
The accuracy of the quasi-linear values of the skewness, even on smaller non-linear scales than those on which the quasi-linear approximation is valid, has a simple explanation. In the Press{Schechter approach, the skewness depends on the distribution of sizes and shapes and masses of virialized clumps, and on the spatial correlations between these clumps. In the linear and quasi-linear regimes, the skewness depends on all these quantities. In the highly non-linear regime, however, the skewness becomes approximately independent of the clump{clump correlations. The previous sections considered the limiting case of point-sized clumps. For this limiting case, the skewness in the highly non-linear regime is due entirely to the distribution of clump sizes. So the question is, What is this distribution of virialized clump sizes?
The Press{Schechter distribution of clump sizes (equation 5) is in good agreement with the distribution of virialized clumps obtained in N-body simulations of clustering.
So, the previous sections used this Press{Schechter distribution to estimate the skewness in the non-linear regime. Equation (17) (also see equation A3) shows the skewness and higher order moments that are due to the Press{Schechter distribution of clump masses, when the clumps are pointsized. This analysis shows that, for power spectra of current interest, the skewness in the highly non-linear regime (no smoothing of the non-linearly evolved density eld) is not more that a factor of two or three greater than the quasilinear value.
In the Press{Schechter description, the distribution of virialized clump sizes is determined by the power spectrum of the initial uctuations, and by the density threshold required for spherical collapse, which is in uenced by the universal expansion. Since the skewness in the non-linear regime is determined by this Press{Schechter distribution of clump sizes, we conclude that, for all power spectra of current interest, the expansion guarantees that the quasi-linear value of the skewness is likely to be close to the actual value even on smaller scales than those on which the quasi-linear approximation itself is no longer valid. This is simply another manifestation of the well known fact that, for power spectra of current interest, the universal expansion guarantees that linear and quasi-linear analyses of gravitational clustering will be of greater interest and validity than they would be otherwise.
Recently, the amount of skewness in the non-linear regime has been measured in N-body simulations of clustering from scale-free initial conditions (Fry, Melott & Shandarin 1993; Colombi, Bouchet & Hernquist 1995) . To a good approximation, both groups nd that S3 9=(n+3), where n is the slope of the initial power spectrum. These measured values are in good agreement with those obtained, in the extremely non-linear (point-sized clumps and vanishing cell size) regime, in the previous section. For example, the N-body simulations suggest that the skewness is 2.25, 3, and 4.5 for n = 1; 0, and ?1, respectively, whereas equation (17) yields 2.16, 3, and 5.8 for the Press{Schechter model. This shows that the Press{Schechter point-sized clump models provide good estimates of the skewness in the non-linear regime.
The di erences between these estimated values of S3 and those measured in the simulations increase as n decreases. This is due to two e ects. The rst is that, in the simulations, virialized clumps are not point-sized, and the accuracy of the point-sized assumption decreases as n decreases (Section 3.1). A second reason for the discrepancy between the model and the simulation values is the fact that the Press{Schechter formula (equation 5) provides a good, but by no means perfect, t to the simulations (e.g. Efstathiou et al. 1988) . Since this t is not perfect, there is no reason to expect that the values of S3 will be perfect either.
As noted in the introduction to this paper, the Press{ Schechter distribution has been used here merely to compute analytic formulae for the skewness and higher order moments. In principle, the distribution of clump sizes that one measures in the simulations directly could be used, and all the calculations performed numerically, using this (nonanalytic) distribution of clump sizes. In this respect, the Press{Schechter formula (equation 5) can be viewed as a convenient analytic tting function that provides a good, but by no means perfect, t to the clump size distribution. The important point is simply that, if the distribution of non-linear virialized clumps is given by something like the Press{Schechter distribution, then the fact, observed in Nbody simulations, that the skewness in the highly non-linear regime is not considerably di erent from its value in the quasi-linear regime is easily explained.
Colombi et al. also measured S4 and S5 in their simulations. It is encouraging that equation (17) is in good agreement with the measured values of these higher order moments as well. Colombi et al. measured 6:5 The Press{Schechter type model considered in the previous sections has another interesting consequence. Relaxing the point-sized assumption means that the skewness and higher order moments will become scale-dependent in a way that depends on the internal structure of the clumps (Sheth & Saslaw 1994) , and on the correlations between clumps. Thus, if Press{Schechter clumps are truncated singular isothermal spheres with average density 200 times the background density, then one expects that the skewness should be scale-dependent. Scale-dependent values of the skewness have indeed been measured in the non-linear regime by Colombi et al. in their N-body simulations of initially scale-free density elds.
CONCLUSIONS
The Press{Schechter description of non-linear gravitational clustering was used to obtain estimates for the distribution of counts in randomly placed cells when the density eld is highly non-linear. For an initially Poisson distribution (Section 2), this non-linear counts in cells distribution (equation 2) has the same form as the distribution studied previously by Saslaw & Hamilton (1984) . Clustering from an initially Gaussian random eld having a scale-free power spectrum with slope n = 0 should be similar to that from an initially Poisson distribution. Section 3.2 showed that this is, indeed, the case (also see Appendix). The n = 0 non-linear Press{Schechter distribution function of equation (18) can be understood as a limiting form of equation (2) (Fry 1985) , and is better known as the Inverse Gaussian distribution.
These results describe distributions in which (Poisson or n = 0 Gaussian) Press{Schechter clumps are assumed to have a Poisson spatial distribution, and to have collapsed completely to points. That is, these results describe Poisson cluster distributions, where the distribution of clump sizes is given by the Press{Schechter approach. For the initially Poisson case, the assumption of a Poisson spatial distribution for the Press{Schechter clumps is strongly motivated by a scaling solution (Sheth 1995b) . For the n = 0 Gaussian case this assumption is suggested by linear theory (Peebles 1980) . The point-sized cluster approximation is merely one of analytic convenience. In principle, the counts in cells distributions for Poisson-distributed Press{Schechter clumps having arbitrary shapes and density pro les (e.g., truncated singular isothermal spheres) can be written down (see Appendix) , though the integrals that represent the solution (equation A1) must be solved numerically. In this respect the point cluster approximation is a useful idealization. Descriptions of clustering from initially scale-free Gaussian density elds with initial power spectra having slopes n 6 = 0 were obtained in Sections 3.2 and 3.3. In this Press{ Schechter model, the value of the skewness in the quasilinear regime depends on the distribution of shapes and masses of clumps as well as on correlations between clumps. Except for the distribution of clump masses, most of these quantities are unknown. Section 3.3 provided a simple model for the other quantities so as to estimate the skewness in this regime (equation 20) . Essentially, this model assumes that all clumps have approximately the same size, and the skewness is computed on scales larger than this size. The accuracy of this model decreases as n decreases. This is because the e ects of clump{clump correlations increase as n decreases, and the e ects of these correlations are uncertain, and also because the distribution of clump masses becomes broader as n decreases, so that the assumption that all clumps have the same size becomes less accurate as n decreases. Nevertheless, these large-scale values of the skewness were shown to lie within a factor of two of the values that are obtained using quasi-linear theory.
The analysis of the skewness in the highly non-linear regime (the limit of vanishing cell size) is simpler because the skewness in this regime depends on the distribution of clump masses, but is relatively independent of correlations between clumps (equation 21). Thus, assuming that clumps are point-sized allows one to compute useful estimates of the non-linear value of the skewness. These estimates of the nonlinear value of the skewness are in good agreement with the values that are measured in the non-linear regime of numerical simulations of clustering. Also, they are within a factor of three or so of the value calculated using quasi-linear theory. This shows that the quasi-linear value of the skewness may provide a good approximation to the actual value of the skewness, even on those smaller scales on which the quasilinear approximation, itself, is no longer accurate. The scale dependence of the skewness that has recently been measured in N-body simulations can also be explained qualitatively by this model.
p(a; ) da d d 3 s; (A1)
where is the number density of perturbations. The density is = hMi, where hMi is the mean clump size. In the language of this paper, is the number density of Press{ Schechter clumps, a is the mass of a Press{Schechter clump, and is the radius of the clump. The problem is that, in the Press{Schechter description, the value of is in nite. It is this divergence that the Poisson sampling process was designed to avoid. However, the following calculation shows that this divergence is not, formally, a problem.
In equation (A1), a and are the mass and radius of a Press{Schechter clump, and p(a; ) is the probability that a Press{Schechter clump has mass a and radius . Also, u is a function that describes the shape of each perturbation, the shape of each Press{Schechter clump. Usually one assumes that all Press{Schechter clumps have the same density ( 178 times the background density) so there is a relation between the mass of a Press{Schechter clump and its radius. One also assumes that the clumps are truncated singular isothermal spheres. Thus, both p(a; ) and u are determined. However, for these choices of p(a; ) and u , the integrals in equation (A1) are complicated; they must be solved numerically. This Appendix considers the simpler case in which the Press{Schechter clumps are point-sized, whatever their mass. This means that the integrals in equation (A1) simplify considerably. Recall that this is also the case considered in the main text.
The cumulant generating function is obtained by setting k(r) = W(r ? r 0 )t=i, where W is a window function that describes the shape of the cell (e.g. Fry 1985; Szapudi
